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ABSTRACT 


The  purpose  of  the  present  paper  is  to  improve  some  results 

of  R.  Askey,  P.  Erdos,  G.  Freud,  L.  Ya.  Geronimus,  U.  Crenander, 

G.  Szego  and  P.  Turan  on  orthogonal  polynomials,  Christoffel  functions, 

orthogonal  Fourier  series,  eigenvalues  of  Toeplitz  matrices  and  Lagrange 

interpolation.  In  particular,  Turan' s problem  will  (positively)  be 

I 
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answered:  is  there  any  weight  w with  compact  support  such  that  for 

each  p > 2 the  Lagrange  interpolating  polynomials  corresponding  to 

w diverge  in  LP  for  some  continuous  function  f ? Most  of  the  paper 
w 

deals  with  Christoffel  functions  and  their  applications.  Many  limit 

relations  for  orthogonal  polynomials  are  found  in  the  assumption  that 

the  coefficients  in  the  recursion  formula  behave  nicely. 
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where  p = 0 and 


that  (2)  and  ( hold  If  we  replace  these  k by  k ♦ 1,  that  is 
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a*b)  where  |0{1)I  < 2 . Thus 


Sometimes  Instead  of  Theorem  5 we  shall  use  the  following  gen-  Theorem  IS.  Let  0 0 + i 0 with  0 < 0 . Then  p (do,  x)  (x  = cos  0) 
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which  is  equivalent  to  <2)  applied  with  k = 0 . (8)  obviously  follows 
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Proof.  It  follows  from  1 th  it  If  f is  continuous  on  IP  and  has 


least  one  zero  In  [x-c,  x+e],  in  particular, 


Proof.  If  [a-b,  arb]  i supp(do)  then  [a-b,  a*b)  0 [F  [a-b,  a*b]  D supp(do)]  a 4 supp(do)  then  B = supp(da)  and  hence  B Is  closed.  But 


Proof-  The  theorem  follows  Immediately  from  Lemmas  1-6.  The  only  thing 


not  necessarily  hold.  (See  Remark  •*.  1.  6. ) 


Proof.  To  get  <3)  use  Lemma  2 and  the  formula 


and  the  convergence  is  uniform  for  x c A C (a-b,  a+b)  . Let  for 


Let  us  consider  now  p (da,  a)  . By  the  recurrence  formula 


Hence 


Proof.  Use  Lemma  9 and  the  formula 


Proof.  Suppose  without  loss  of  generality  that  z 4 A(do)  for  every 


where  \]  z 
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weight  corresponding  to  [a-b,  afb]  . 


Theorem  16.  Let  o«  M(a,  b)  and  zt  <t\supp(do)  . Then  p*  (do,  z) 


From  Theorems  13  and  16  we  obtain 


then  (11)  is  satisfied  uniformly  for 
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Hence  we  obtain  We  obtain  from  the  recursion  formula  that 


) This  argument  is  due  to  Chrlstoffel  and  is  given  In  Szego , Chapter 
In  the  following  this  argument  will  be  used  several  times. 


Theorem  3 will  be  used  to  investigate  some  interpolation  processes.  Theorem  8.  Let  o « S 0 < p < g(>  0)  « 


Proof.  Use  Lemma  5,  Theorem  6 and  the  Riemann -Lebesgue  lemma. 


[f  |pn(do,  t)  | P g(t)da(t)]P  > f is  a polynomial.  If  f is  constant  the  Lemma  is  certainly  true.  Other 


Proof.  In  the  first  case  we  can  suppose  without  loss  of  generality  that 


that  is  the  absolute  value  of  the  left  side  is  not  greater  then  Let  k -*ori  and  then  e -*  0 • The  case  when  11m  inf  |m^  - n^  I >0  follows 


(e-j)  - 


where  c > 0 is  given.  Then 


Riemann  lntegrable  on  [a-b,  a±b]  . Then  for  every  fixed  integer 


Eigenvalues  of  Toepllz  Matrices 


functions  f.  and  f on  A(do)  so  that 
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f*  do2 * are  equally  dlstMbut 


Christoffel  Functions  This  is  Freud's  representation  for  H (du,  f,  x)  . ( See  (6jf.  In  th 


converges  to  f whenever  f is  continuous.  The  surprising  result  is  th m 


the  above  class  of  weights  a is  very  large.  We  shall  consider  con-  first  l^t  n -*  * and  then 


Since  ieg  ■*  g < 2n-l  we  can  use  the  Gauss-Jacobi  mechanical  quadra- 


Proof.  We  have  by  Lemma  4 


By  Lemma  S we  obtain  Differentiating  this  Identity  with  respect  to  z we  obtain  the  lemma 


(u-t)(z-t)  (z-u) 


Proof.  Let  e > 0 . We  construct  a polynomial  w such  that 


Using  Theorem  26  wo  obtain 


the  previous  theorem  gw  « M(Otl)  If  g > 0 is  continuous  on  [-1,  1)  . 


x<  l and  supp(w)  (-1,1)  then  w « M(0,  1)  . Consequently  by 


A Sequence  of  Positive  Operators 
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A C (-1, 1)  then  (l)  holds  uniformly  for  x « A . If  f if  continuous  on 


f(t)  g<t>  [p  ,<t)  p (z) 
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continuous  and  we  can  extend  It  to  a function  g which  Is  continuous  on  of  G (do,  f,  x)  for  x « supp(do)  . The  following  theorem  explains  why  we 


introduced  the  operators  G (do,  f)  and  why  we  should  ir»v.  Mqate  them 


(t)  do(t) 


Kb>,x>}  is  uniformly  bounded  for  x« 


by  a standard  calculation. 


By  Property  l3(!v) 


Lxat,  d:*-  it.  Let  w be  defined  oy  supp(w)  = [-1,1]  and 


Further  by  Theorem  b.  1 29  and  Property  I3(vtii)  for  every  z < C\[-l,  1] 


Proof.  We  have  to  show  th.if 


< vn(U’X)  / (x-t)2  K2<u,x,t)|g(t)|  u(t)dt) 


and  the  third  term  converges  to  0 when  n - * . ltm  (right  side  of  (12))  = 0 If  w u ts  positive  and  rontlnuous  at  -l  then 


»1S> 


(do,  x)|J  |<  f [p2(do,  t) 


Fin  illy,  by  the  conditions  and  (16) 


Let  us  recall  that  n vanishes  at  the  endpoints  of  t . Thus 
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Definition  42.  For  a given  weight  p and  interval  r the  weight 


sufficiently  small  neighborhood  of 


38. ) We  may  ask  two  questions,  namely,  whether  logn  n occurs  because 
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(da,  f,  2)  can  be  defined  by  Let  us  note  that  If  e.  g.  a = Tschebyshev  weight  then  the  kernel 


[-1,1]  . If  supp(da)  = [-1,1]  then  (2  3)  follows  from  Theorem 


[-1,1]  . Hence  by  Lemmas  4 and  3 1 


for  almost  every  x « (-1,1]  . By  Theorem  3.  3.7  H C [-1,1]  . Hence  for  6.  3.  Generalized  Christoffel  functions 


where  C = C(n,m,do,A)  does  not  depend  on  n . Writing 


Let  us  remark  that  l(  m-  n then 


Definition  4.  Let  a,  b « F.  Then  Is  defined  by  t close  to  the  endpoints  of  [-1,1].  We  shall  need  a better  estimate  whL 


Lemma 


Proof.  We  write  that  (1)  is  satisfied.  Taking  the  maximum  of  these  two  values  of 
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Hence 


. f lir  (t)  I P u(t)dt  < 2 f " |ir  (t)lP  uindt 

by  Lemma  5 and  Theorem  10.  Now  we  shall  show  that  . n “ ^ n 
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Proof.  The  lemma  follows  from  the  relations  Then 


be  absolutely  continuous  In  A and  let  Lemma  ll.  Let  0 < p < « p;0,  0 « A°  A C A°  . Then  for  every 


then  by  Lemma  S and  Theorem  13  for  t « A with  supp(w)  = A . Then 


with  supp(w  ) = [ - e,  e]  • Then  by  Lemma  19 


- 


Corollary  26.  Lemma  22  remains  valid  for  -1  < r < 0 and  consequently 


and  let  v denote  the  Tsehebyshev  weight  corresponding  t > Jk  . Let 


Consequently 


Thus  Then  for  almost  every  x « 


be  defined  by  \ (da) 


and  we  apply  Theorem  9.  where 


(6)  follows  from  the  above  two  formulas. 


Lemma  17 . Let  o,  M(0,1*  and  Proof-  By  Theorem  3. 1. 1 and  Lemma  18 


o 


The  limit  inferior  of  the  second  term  is  finite.  By  the  Riemann-Lebesgue  Sroot.  In  the  conditions  the  function  e defined  by 


U (x)U  , ( x > p (da,x)p  (do,x)  + m a (1)  . 


Let  us  divide  this  formula  by  m and  let  m -•  We  obtain  from  Theorems  The  example  of  the  Tschebyshev  polynomials  shows  that  A - innot  be 


By  Theorem  Q and  Beppo  Levi's  theorem 


are  continuous  functions  on  [0, 
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Proof.  Let  first  v c ’ (do)  < * . Then  by  Lemma  38  and  Theorem  3.1.  IS 


for  every  A (-1,1)  1 o'v  Is  do  measurable.  Consequently  by 


Theorem  2.  Let  a*  S,  f«  L^.  Let  x*  (-1,1)  , a be  absolutely  con-  \n(do,x) 


tic  function  of  a sufficiently  small  nelghoorhood  of  t Then 


Ptoof.  We  could  repeat  Freud  (JV.7.  »•  Dut  hi*  proof  cen  be  tinplified. 


Proof.  Let  v denote  the  Tschebyshev  weight  corresponding  to  Alda). 


for  every  w with  a suitable  constant  A > 1.  Now  we  repeat  the  proof  of 


We  shall  show  that  this  cannot  happen  if  supptda)  is  compact  and 


Hence  by  old  theorems  about  quadrature  sums 


Now  let  n -*  *.  By  Lemma  9 and  Theorem 


o 


Further  y ,(da)  < Y <da)  and 


Lemma  IS.  Let  a > -1,  l < p < ».  Then  Let  I < P < *>.  Then  for  every 
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From  Lemmas  14  and  15  follows  By  Lemmas  14  and  18  we  obtain  the  following 
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As  an  application  of  the  previous  results  we  shall  prove  two  theorems. 


Theorem  lb  . Let  w = w<a’^  be  the  Pollaczek  weight  defined  in  Definition  on  anc*  -*{&)/*>  « L (0,1)  where  - is  the  modulus  of  continuity  of 


Consequently  In  all  possible  cases 


L 


-sign  p ,(w,x  ).  Hence 


Remark  38.  Theorem  37  becomes  useful  if  we  combine  it  wit1-  Korous'  theorem 


Theorem  19.  Theorem  17  remains  valid  if  r is  of  the  form  [a, 
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L (do,x)  avoid  complication,  which  we  cannot  solve  at  the  present  time,  we  shall 


let  there  exist  an  Interval  t [-1,1]  such  that  the  sequence  { ! p,  (cto,  x) ! ) 


o 


Proof . Theorems  is,  16  and  Banach-Stelnhaus'  theorem.  Continuing  this  process  we  build  up  two  sequences  {j 
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